We consider the partial theta function θ(q, x) :=
Remark 1. It has been established in [10] that for any fixed value of the parameter q, the function θ has at most finitely-many multiple zeros. For q ∈ (0, 1) there exists a sequence of values of q, tending to 1, for which θ(q, .) has double real negative zeros tending to −e π , see [8] .
We prove the following theorem: Theorem 2. For any q ∈ D 1 , any multiple zero of θ belongs to the set D 8 11 (8 11 = 8589934592). Proof. Indeed, set |x| = |q| −k−1/2 , k ∈ N. Then in the series of θ the term L := x k q k(k+1)/2 has the largest modulus (equal to |q| −k 2 /2 ). The sum M of the moduli of all other terms is smaller than |q| −k 2 /2 τ (|q|), where τ := 2 ∞ ν=1 |q| ν 2 /2 . The inequality 1 ≥ τ (|q|) is equivalent to |q| ≤ c 0 . Hence for |q| ≤ c 0 one has |L| > M . Moreover, for no zero ζ of θ does one have |ζ| = |q| −k−1/2 . For |q| ≤ 0.108 all zeros ξ k of θ are simple, see [9] . For any k fixed and for |q| close to 0 one has ξ k ∼ q −k (see Proposition 10 in [7] ). Hence for |q| ≤ c 0 one has |q| −k+1/2 < |ξ k | < |q| −k−1/2 , i.e. all zeros of θ are simple.
Proof of Theorem 2. We prove the theorem first in the case 1/2 ≤ |q| < 1. We use the fact that the Jacobi theta function Θ has only simple zeros (see [16] ), so this is also true for the function Θ * (q,
The zeros of Θ * (q, x) are all simple and equal µ s := −1/q s , s ∈ Z (which can be deduced from the form of the zeros of Θ, see [16] ). We recall that the Jacobi triple product is the equality Θ(q, [16] ) from which follows the identity Θ * (q,
For given x (|x| > 1) and q we denote by κ the least value of m ∈ N for which one has |xq m | < 1.
, v ∈ C, r > 0, we denote the circumference (in the x-space) about v and of radius r and by D(v, r) the corresponding open disk. We set X ρ := {x ∈ C, |x| > ρ, ρ > 0}.
. ., and that for a given s ∈ N the circumference C(µ s , 1/2n) (hence the closed disk D(µ s , 1/2n) as well) belongs to the set X 8 11 . Then at any point of this circumference one has
Before proving Proposition 6 we deduce Theorem 2 from it. By the Rouché theorem the functions Θ * and θ have one and the same number of zeros (counted with multiplicity) inside C(µ s , 1/2n). For Θ * this number is 1, hence θ has a single zero, a simple one, inside C(µ s , 1/2n). For any fixed s ∈ N and for |q| sufficiently small (q = 0) the function θ(q, .) has a zero ξ s close to µ s (close in the sense that (ξ s − µ s ) → 0 as q → 0, see [7] ). Hence this is the simple zero inside C(µ s , 1/2n). For 0 < |q| ≤ 0.108 the numbers ξ s are all the zeros of θ (see [9] ); these zeros are simple. As |q| increases, for certain values of q a confluence of certain zeros occurs (see [11] ).
Fix s ∈ N. If for 0 < |q| = α ≤ 1 − 1/n one has C(µ s , 1/2n) ⊂ X 8 11 , then this inclusion holds true for 0 < |q| ≤ α as well. This means that for 0 < |q| ≤ 1 − 1/n the zeros ξ k of θ with k ≥ s remain distinct, simple and belong to the interiors of the respective circumferences C(µ k , 1/2n). Hence for 1 − 1/(n − 1) ≤ |q| ≤ 1 − 1/n and |x| > 8 11 there are no multiple zeros of θ. This is true for any n = 3, 4, . . .. Hence for |x| > 8 11 and |q| ∈ [1/2, 1), the function θ has no multiple zeros.
In the proof of Proposition 6 we use the following lemma:
Clearly −|q|/(1 − |q|) = 1 − 1/(1 − |q|) ∈ (1 − b, 0) and |q| s /(s + 1)(1 + |q| + · · · + |q| s ) < 1/(s + 1) 2 . Hence T ∈ (0, ∞ s=0 1/(s + 1) 2 = π 2 /6 = 1.6449 . . .) and |Q| ≥ S ≥ e (π 2 /6)(1−b) . To obtain the second (resp. the third) inequality just observe that for m ≥ 2 one has |1 + q m−1 /x| ≥ 1 − |q| m−1 /|x| > 1 − |q| m−1 (resp. that for m ≥ κ + 1 one has |1 + xq m | ≥ 1 − |xq κ ||q m−κ | > 1 − |q m−κ |) and then apply the first inequality. , and by (E) their moduli are > 8 π 2 /6 . Denote by P 1 and P 2 the products respectively of 4n and n of these factors (assumed all distinct). Using Lemma 7 one finds that |P 1 ||Q||R||U ∞ κ+1 ||U κ−2 κ−2−4n | ≥ (8 π 2 /6 ) 4n (1 − |x| −1 )e 4(π 2 /6)(1−n) > 1 ( * * ) (because e < 8 and (1 − |x| −1 )e 4(π 2 /6) > 1) and |P 2 |(1 − |x| −1/2 ) 4 /4n 2 > 1 ( * * * ). Thus Proposition 6 follows from inequalities ( * ), ( * * ) and ( * * * ). Now we prove Theorem 2 for c 0 ≤ |q| ≤ 1/2. Lemma 7 implies that for c 0 ≤ |q| ≤ 1/2 and |x| > 8 11 one has |Q| ≥ c 1 := S| |q|=1/2 = 0.2887880950, |R| ≥ (1 − |x| −1 )c 1 > 0.2887880949 =: c 2 and |U ∞ κ+1 | ≥ c 1 . Indeed, |Q| ≥ S and S is minimal for |q| = 1/2. We need to modify the proof of Proposition 6 so that it should become valid also for c 0 ≤ |q| < 1/2. We observe first that κ ≥ 15, with equality for |x| = 8 11 Remark 8. The number 8 11 in the formulation of the theorem seems not to be optimal. The optimal number is not less than e π , see Remark 1.
